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This article gives a procedure to convert a frame which is not a tight frame into a Parseval
frame for the same space, with the requirement that each element in the resulting Parseval
frame can be explicitly written as a linear combination of the elements in the original frame.
Several examples are considered, such as a Fourier frame on a spiral. The procedure can be
applied to the construction of Parseval frames for L?(B(0, R)), the space of square integrable
functions whose domain is the ball of radius R. When a finite number of measurements are
used to reconstruct a signal in L2(B(0, R)), error estimates arising from such approximation
are discussed.
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1. Introduction

Earlier work by Benedetto et al. [1-4] gave the construction of a set of points on a
given spiral such that these points give rise to a frame for L?(B(0, R)), the space
of all square integrable functions on the ball centered at the origin and of radius
R. This means that given a spiral A, the authors in [1-4] were able to construct
a sequence of points A on this spiral and its interleaves such that every signal f
belonging to L?(B(0, R)) can be written as Y, ax(f)ex where e (z) = ™=,
The incentive of choosing points on a spiral comes from the applicability in
MRI (Magnetic Resonance Imaging) where a signal is sampled in the Fourier
domain along interleaving spirals, resulting in fast imaging methods. For practical
purposes, the reconstruction of signals using such infinite frames entails inverting
the frame operator and/or using only finitely many samples. Such numerical
issues are mitigated if one can use a tight frame. The possibility of expanding a
function as a non-harmonic Fourier series was discovered by Paley and Wiener [5].
For a sequence A of real numbers, it is natural to ask whether every band-limited
signal with spectrum F can be reconstructed in a stable way from its samples
{F(\),A C A}. Landau [6] proved a necessary condition for {272 X\ € A} to be
a frame for the space of band-limited functions with spectrum E by relating the
lower density of A to the measure of E. There is an extensive literature on the
stable reconstruction problem, both on theoretical foundation (see, e.g., [7], [8],

*Corresponding author. Email: sdatta@uidaho.edu The second named author was partially supported by
AFOSR under Grant FA9550-10-1-0441

ISSN: 0003-6811 print/ISSN 1563-504X online
© 200x Taylor & Francis

DOI: 10.1080/0003681Y Y XXXXXXXX
http://www.informaworld.com



November 16, 2013

11:33 Applicable Analysis AA’Sampling

2 Enrico Au-Yeung and Somantika Datta

[9], [10], [11]) and on explicit construction (see [12], [13], [14], [15], [16], [17], [18]).
The problem of non-uniform sampling has been addressed by these authors. The
present article follows this venerable tradition and at the same time addresses a
different issue: how to convert a frame into a tight frame without having to invert
the frame operator.

In a series of papers by Aldroubi, Feichtinger, and Grochenig [12-14], a very
general theory of irregular sampling has been developed, based on the fact that
every band-limited function f satisfies a reproducing formula f x g = f, for a
suitable function g, where * denotes convolution. This paper seeks a different
approach: how to reconstruct a function by first converting a frame into a tight
frame, and then using the same samples from the original frame elements to build
the reconstruction formula. This is further explained below.

One of the main contributions of this article is to give a procedure to convert a
frame which is not a tight frame into a Parseval frame for the same space, with
the requirement that each element in the resulting Parseval frame can be explicitly
written as a linear combination of the elements in the original frame. To be precise,
this requirement means that if { f1, fo, f3} is the original frame for the Hilbert space
H, and {g1, g2, g3} is the resulting Parseval frame, then each g, can be explicitly
written as a linear combination of fi, fs, f3. For any function f € H, one has f =
Zi:1< fs9n)gn. Since each g, is a linear combination of fi, f2, and f3, each number
(f, gn) can be calculated from the three numbers (f, f1), (f, f2), (f, f3). Hence, from
the numbers (f, f,,) for n = 1,2, 3, one can recover f. In the reconstruction formula
using the Parseval frame, only the measurements obtained from the original frame
are needed. This feature is extremely important, especially in the aforementioned
application to MRI, when the measurements from the original frame are the only
available measurements. The procedure explained in this article applies to other
frames, and not just to Fourier frames, but motivated by applications to medical
imaging as in MRI, the focus here is only on spiral sampling with Fourier frames.

In [19], Frank, Paulsen, and Tiballi obtain a Parseval frame from a given frame
that spans the same subspace as the original frame and is closest to it in some
sense, which they call symmetric approximation. The approach in [19] is to use
the polar decomposition of the synthesis operator of the original frame. This idea
inspires the method developed in the present work to obtain Parseval frames for
the spiral sampling case.

In practice, one cannot use an infinite frame as obtained in [1-4] and only a
finite number of samples or measurements have to be used in order to reconstruct
a signal. This means that one has to study features of a signal from a finite sum
approximation of the original. It is desirable that the error introduced by such
an approximation is minimized. Such approximation error is also studied in the
present work.

The paper is divided as follows. After setting the notation and introducing some
background work in the rest of Section 1, Section 2 provides an algorithm for
constructing a Parseval frame from a given finite frame such that the resulting
Parseval frame vectors are linear combinations of the frame vectors of the given
frame. Several explicit examples are also discussed. It is also shown in Section
2, see Proposition 2.6, that by considering frames of subspaces of the underlying
Hilbert space H, different Parseval frames can be obtained from a given frame. A
comparison of these different Parseval frames is also done in Section 2. In Section
3, reconstruction of signals in infinite dimensional spaces is studied by considering
finite sums and estimates of the resulting approximation error are given. In Section
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4, it is shown that in the infinite dimensional setting it is not always possible to
find an orthogonal set of vectors that is the symmetric approximation of a given
set of vectors. Finally, some concluding remarks are given in Section 5.

1.1. Notation and preliminaries

Let R? be the d-dimensional Euclidean space, and let R? denote R? when it _is
considered as the domain of the Fourier transforms of signals defined on R?. L2(R?)

is the space of square integrable functions ¢ on ﬁd, ie.,

1/2
lollo = ([ 00Ps ) <o

¢V is the inverse Fourier transform of ¢ defined as
(@)= [ o)y,
Rd

and supp ¢V denotes the support of ¢V. Let E C R? be closed. The Paley-Wiener
space PWg is

PWg = {¢ € L*(RY) : supp ¢ C E}.

The Fourier transform of a function f is denoted by f Let H be a separable
Hilbert space. A sequence {f, : n € Z%} C H is a frame for H if there exist
constants 0 < A < B < oo such that

VyeH, Allyll> <> [y, f)I> < Bllyll*.

The constants A and B are called the lower and upper frame bounds, respectively.
If A = B, the frame is said to be tight and if A = B = 1, the frame is called a
Parseval frame. Let {f,} be a frame for H. The synthesis operator is the linear
mapping T': fo — H given by T'({¢;}) = >, ¢k fr- The frame operator S : H — H
is TT* and is given by

VyeH, Sy)=Y (Y. fn)fn

n

For every y € H,

y=> S ) fn =Y (U fa)S ™ fa. (1)

n n

For more on frames, see [20] or [21].
Let A C R? be a sequence and let £ C R? have finite Lebesgue measure. By the
Parseval Formula, the following are equivalent ([3, 4]).

(i) {ex: X € A} is a frame for L?(E).

(ii) There exist 0 < A < B < oo such that

Alloll3 < Y le(WI” < Bllgl,

AEA
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for all ¢ in PWg. In this case, we say that {e) : A € A} is a Fourier frame for
PWg.

A set A is uniformly discrete if there exists r > 0 such that
V)‘7’V€A7 ’)‘_7‘27")

where |\ — 4| is the Euclidean distance between A and +.

If for two frames {f;}ien and {g;}ien of two Hilbert subspaces K and L of H,
respectively, there exists an invertible bounded linear operator 7' : K — L such that
T(f;) = g; for every index i, then these two frames are said to be weakly similar
[19]. A Parseval frame {v;}}"; in a finite dimensional Hilbert subspace £ C H is
said to be a symmetric approximation of a finite frame { f;}1_; in a Hilbert subspace
K C H if the frames {f;}I"; and {v;}'; are weakly similar and the inequality

n n
D g = 1P =D vy = Sl
i=1 i=1

is valid for all Parseval frames {p;}" ; in Hilbert subspaces of H that are weakly
similar to {f;}I"; [19]. If £ = L, the frames are called similar.

When an n by m matrix W acts on a sequence of elements { f1, fa, ..., fi}, this
action is denoted by {e1,e2,...,en} =W -{f1, fo,..., fm}, or in matrix notation,
e1 wip Wiz Wi | | S
€2 wa1 Wz Wom | | fo
= . . : 9
€n Wn1 Wp2 * - Wpm Jm

to denote, for a fixed 1,
m
€; = Z wl-jfj.
j=1

The space C*) consists of all functions which have derivatives of order up to k,
k > 2. For some positive integer k, f*) denotes the kth derivative of f. The open
ball of radius R is denoted by B(0, R). For a given set F, the complement of E is
denoted by E°.

1.2. Background

The following theorem [1-4] is based on a deep result of Beurling [22].

Theorem 1.1 Beurling Covering Theorem Let A C R? be uniformly discrete, and
define p = SUD |, R dist(u, A) where dist(u, A) z'§ the Buclidean distance between the
point p and the set A. If Rp < 1/4, then {e*™®*: X\ € A} is a Fourier frame for
PW*B(O’ B

In [1-4] the authors have used the Beurling Covering Theorem to give an explicit
construction of Fourier frames from points that lie on a spiral. In particular, the
following result can be found in [2].
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Example 1.2 Fix ¢ > 0. In ﬁz’ consider the spiral
Ae = {cbcos2ml, chsin2mh : 6 > 0}.

For R and § satisfying Rc < 1/2 and (§ 4 6)R < 1/4, one chooses a uniformly
discrete set of points A such that the curve distance between any two consecutive
points is less than 26, and beginning within 2§ of the origin. Then A satisfies the
Beurling Covering Theorem and hence {e?™@*: \ € A} is a Fourier frame for
PW

B(0,R)"

The synthesis operator T defined earlier is bounded and has a natural polar
decomposition T'= W|T'|, where W is a partial isometry from ¢5 into H. To obtain
a symmetric approximation of a given frame, the following has been shown in [19].

Theorem 1.3: Let {i;}]' | be a Parseval frame in a Hilbert subspace L C H
and let {fi}I, be a frame in a Hilbert subspace K C H such that both these frames
are weakly similar. Letting the standard orthonormal basis for C™ be denoted by
{e;}_,, the following inequality

D g = 12 =D 1W(ey) — fi11?
j=1 Jj=1

holds. Equality appears if and only if p; = W(e;) for j =1,...,n. (Consequently,
the symmetric approximation of a frame {fi}?  in a ﬁnzte dzmenszonal Hilbert
space I C H is a Parseval frame spanning the same Hilbert subspace L =K of H
and being similar to {fi}' .)

The operator W in Theorem 1.3 is a partial isometry coming from the polar
decomposition of the synthesis operator. A related result, which is a corollary of
Naimark’s Theorem, can be found in [23] and is stated below in Theorem 1.4. The
proof is straightforward and is included here.

Theorem 1.4: Let H be an n-dimensional Hilbert space and K O H be such
that the dimension of K is m. Let {e1,...,emn} be an orthonormal basis for K. Let
W be a partial isometry W : K — H. Then {We;}™, is a Parseval frame for H.

Proof: Let f € H and let g € K such that W*f = g.

I£112 = (f, ) = (WW*f, f) (since W is a partial isometry)
= (W*f,W*f)

=(9,9) = llgl* = Z\ g.¢i)]

=YW fen? = [(f Wei) [
i=1 =1

2. Parseval frames from a finite Fourier frame on a spiral

In this section an explicit construction is given for creating a Parseval frame that
is the symmetric approximation of a given frame for a finite dimensional Hilbert
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space H. As mentioned in Section 1, it is required that each element in the resulting
Parseval frame can be expressed as a linear combination of the original frame.
Several examples are discussed for the purpose of illustration. When dealing with
finite dimensional Hilbert spaces, the synthesis operator and the associated partial
isometry can be thought of as matrices. One should note that the entries in these
matrices depend on the choice of the orthonormal basis (ONB) of the Hilbert space.
For example, the columns of the matrix of the synthesis operator are the coefficients
of the frame vectors with respect to the chosen ONB. However, the Parseval frame
that is the symmetric approximation of the given frame is independent of the choice
of the ONB. This seems natural and we state this as a lemma below and provide
its proof.

Lemma 2.1: Let H be a Hilbert space of dimension n and let X = {f1,..., fm}
be a frame for H. Let {uy,...,u,} and {vi,...,v,} be two orthonormal bases for
H. Let the synthesis operator of X with respect of these two orthonormal bases be
Ty and Ts, respectively. Then the polar decomposition of T1 and Ts gives the same
Parseval frame.

Proof: Since {ui,...,u,} and {v;,...,v,} are two orthonormal bases for the
same Hilbert space H, there exists an unitary matrix @ such that

Also, there exist m x n matrices M7 and My such that

fi (0
S =M
fm Un
and
fi vy
P =M
fm Un

Note that the synthesis operators 77 and 75 are given by
T = M

and
Ty = MY

The polar decomposition of 77 and T5 gives partial isometries W7 and Wa, respec-
U1 V1

tively. It has to be shown that Wi | : | = W' | : | . In other words, it has to

Uy, Up,
be shown that

wWiQ=w;y
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or,

QMW =Wy
Note that M1Q = Mo, i.e.,

T =Q"T. (2)
Also,

Ty = Wa| T3] 3)
Equating the right sides of (2) and (3) gives

Wo|Ty| = QT'Ty = QT Wi |Th|
= QTW1(QT) T2
= QTW1|Ty|

where the last equality follows from the fact that since Q7 is unitary |(QT)*T3| =
|T3|. Finally, the uniqueness of the polar decomposition gives Wy = QTW, as
needed. O

The following algorithm gives a way to construct a Parseval frame from a given
frame that is the symmetric approximation of the given frame in the sense of
Theorem 1.3.

2.0.0.1. Algorithm for constructing a Parseval frame from a given frame:.

(1) Input: A frame X = {f1,..., fin} for an n-dimensional Hilbert space H.
Output: A Parseval frame for H.

(2) Since X is a spanning set for H, X contains a basis B for H. Apply the
Gram-Schmidt process to B and obtain an ONB {ey,...,e,} for H.

(3) Writing each f; in terms of the ONB, (2) gives the m by n transformation
matrix M such that

fi el
=M
Im €n
Note that the synthesis operator of the frame X is T = M.
(4) Take the polar decomposition of T This is T'= W/|T|, where W is a partial
isometry.

(5) The Parseval frame G = {gi,...,9m} that spans the Hilbert space H is
given by W1 {e1,...,e,}, ie.,

9 €1
=wT

9m €n

Due to the Gram-Schmidt process, each e; in the ONB can be written as a linear
combination of some of the f;s in the frame X and so each element in the Parseval
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frame G is in fact a linear combination of elements from the original frame X. A
signal f € H is reconstructed using the Parseval frame G by evaluating

m

=Y {f 909

=1

The coefficients {(f, g;)}7*, do not have to computed separately and can be ob-
tained from the already acquired coefficients {(f, fi) }7*.

Next, several examples are discussed. In Example 2.2 and Example 2.3 given
below, the frame under consideration is on R. Example 2.4 is for a Fourier frame
on a spiral in R?. In Example 2.2 and 2.3, the procedure suggested by Theorem 1.3
is modified so that in the final step, matrix multiplication is replaced by a matrix
acting on a sequence of elements in a Hilbert space.

Example 2.2

Let {f] = ¥ fy = e2midet o — o2miAsT] he o frame that spans a subspace of
L2([-1/2,1/2]). Choose Ay =3+ £, Ao =4+ 1 A3 =5+ 1.

This frame is used to construct a Parseval frame that spans the same subspace.
Let H be the span of {f1, f2, f3} and let {e1, e2, e3} be an orthonormal basis of H.
One can construct an orthonormal basis {e1, e2, e3} by applying the Gram-Schmidt
orthogonalization process to {fi, f2, f3}. The resulting orthonormal basis can be
written as

€1 1 0 0 fl
e | = —C21 L Of[fef,
€3 c210 —c31 —0 1| | f3
where
Co1 = SiIlC(/\Q — )\1), C39 = SinC()\g — /\2), C31 = SinC()\g — )\1),
and
sinc(z) = sm(wm), o— C39 — 0221031
T 1—c5
Then
fl = €1,

fo = carer +ea,

fs = c31e1 + Oea + €3,

and the synthesis operator T' of the frame {fi, fo, f3} can be written in matrix
form as

1 co1 €31
01 6
00 1

Next the polar decomposition of the matrix of 7" is computed, so that T'= W|T,
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where W is a partial isometry and |T| = (T*T)'/2. In this case, since T is invertible,
W is in fact a unitary matrix. Finally, let {g1, 92,93} = W* - {e1,e2,e3}. Then
{91, 92, g3} is a Parseval frame for H.

Remark: (1). In this example, since the original frame is linearly independent
and therefore a basis for H, what is obtained as a Parseval frame is in fact an
orthonormal basis for H.

(2). Since each g, can be written as a linear combination of f1, fo, and f3, the
Parseval frame constructed indeed spans the same subspace as the original frame.

Example 2.3 Let Ay =3+ 3, s =4+ 1 X3 =5+ 1% and let f; = >N f) =
2T fy — 2TNT f) — fi + fo, fs = f1 + f3, and fg = fo + f3. Consider the
frame {f1, f2, f3, f1, f5, f6} for a subspace of L?([—~1/2,1/2]). Denote this subspace
by H. Starting from the linearly independent set { f1, f2, f3} that spans H, one can
construct an orthonormal basis {e1, ez, e3} for H as done in Example 2.2. From
Example 2.2,

fi=e1,

Jo = care1 + e,

f3 = c31e1 + fea + es,

fi=fi+ fa=(1+ca)er +e,

fs=fi+ f3 = (1+cs1)er + Oea + e3,

Jo = fa+ f3=(ca1 +c31)er + (1 + O)ea + e3,

where ca1, c31, and 0 are as defined in Example 2.2. The synthesis operator 7' has
the matrix representation

1 co1 31 1+co1 1431 co1+c31
0o 1 @6 1 0 1+6
0O 0 1 0 1 1

Let the polar decomposition of T' be given by T' = W|T|. Let {g1, 92, 93, 94, 95, 96 } =
W* . {e1,ea,e3}. Note that W* is a 6 by 3 matrix. Then it can be shown that
{gk: 1 <k <6} forms a Parseval frame for H.

Example 2.4 A Fourier frame of three elements is first constructed using Example
1.2. In order to satisfy the conditions of Example 1.2, let ¢ = 1, R = 1/4, and
d = 1/4. Three points are then picked on the spiral A.—; = {6 cos2m0,0sin 276}
that have arc-length between them less than 2§ and starting within 2§ from the
origin. The x and y coordinates of any point on the spiral are given by

x = 0 cos2n0,

y = 0 sin 270

and therefore the arc-length between any two points (z1,y1) and (z2,y2) with
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angles 61 and 65, respectively, is

($27y2) 0> dIE 2 dy 2
w- | ¢<> (W)
/(a;hyl) ) dé dé
0

:/ (1 + 47%6%)d
2

4
= (62 — 6;) + ng’(e;’ —03).
Therefore, taking the origin to have 6 = 0, one has to pick 01, 82, and 3 such that

4 1
1) 6+ §7r29§’ <%

4
2) (6 —61) + §w2(9§’ -6} <

N~ N

4
3) (03 —062)+ §7T2(9§’ —03) <

The inequalities 1), 2), and 3) can be satisfied by taking 6; = 1/16, 6, = 1/8, and
05 = 1/4. This choice gives the following three points on the spiral:

1 T 1 .
AL = (1— cos o, 7 sin g) = (0.06,0.02),

1 ™1l =
Ao = (§ cos 7, ¢ sin Z) = (0.09,0.09),
and
1 ™1 .«
Az = (Z €08 5, 7 Sin 5) = (0,1/4).

Thus X = {e),,ex,, €, } is a Fourier frame for span{ey,,en,, e, }-

For the purpose of implementation, to obtain the symmetric approximation, one
can discretize the ball B(0,1/4) by changing into polar coordinates and look at
the rectangle {(r,0) : 0 <r <1/4,0 < 6 < 2r}. Each side of the rectangle is then
divided into N subintervals, partitioning it into N? rectangles. The exponential
functions from the set X are then evaluated at N? grid-points, taking one point
from each small rectangle and thus obtaining a vector v; of length N2 for each
ex,, © = 1,2,3. Treating the synthesis operator F' of X as the matrix [F] whose
columns are v;; such a matrix will be of size N? by 3. After computing the polar
decomposition of [F] using Matlab, the resulting discretized Parseval frame {u;}?_,
is considered as the symmetric approximation of the above Fourier frame.

Suppose one is interested in reconstructing a function f in span{ey,,ey,,ex, }-
First f is converted into a vector [f] of size N? by evaluating it at the N? points
on the rectangular grid above. Then f is reconstructed at the N? points as

3
7= S0, wu

=1
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Using N = 500 and f = ey, the supremum norm of the error ||[f] — [f]]] is .1674.
For f = ey, — 2ey, + ey, the supremum norm of the error is .1841 again with

N = 500.
Example 2.5 Let \y = 3 + %,)\2 = 4+ i,)\:g = 5+ %,)\4 = 6+% and
let f1 = e2rihiz fo = e2ridat f3 = e2mids fi = e2miMz - (Consider the frame

{f1, f2, f3, f4} for a subspace of L?([—1/2,1/2]). Denote this subspace by H. Start-
ing from the linearly independent set { f1, f2, f3, f1} that spans #, one can construct
an orthonormal basis {e1, ea,e3,e4} for H as done in Example 2.2. The resulting
orthonormal basis can be written as

e1 1 0 0 0 f1
ea | _ —C21 1 0 0|/
e3| 210 — c31 —0 L O] |fs]’
€4 —cy1 + dc31 + (’)/ — 95)621 -y + 06 —y 1 fa
where
cij = sinc(N; — Aj),1 <4, 5 < 4,
and
. N sin(wx) €32 — (21C31 €42 — C21C41 . TC43 + Ocqo — (0219 - 031)041
sinc(x) = , 0= ) Y = 5> 0 = 5 5
™ 1-— Cy 1-— Cy 1 —20c39 + 62 — (031 — 0210)

If the matrix above is denoted by M then the synthesis operator of the frame
{f1, fo, f3, fa} is T = (M ~1)*. The polar decomposition of T gives rise to a Parseval
frame {g1, 92, g3, g4} which in this case is an orthonormal basis for H.

Now consider H; = span{fi, fo} and He = span{fs, f4}. Using the Gram-
Schmidt process, an orthonormal basis {e, ea} can be obtained for H; as

ol =]

1 0
=)

where

Similarly, an orthonormal basis for Hg is {u1,u2} that is given by

where

1 0
e 10

Note that {ei,e2,u1,us} forms a basis for A but is not an ONB. The synthesis
operator of the frame {f1, fo} is T1 = (M 1)* whereas the synthesis operator of
the frame {fs, fa} is To = (M, 1y, Taking the polar decomposition of T} and T
gives Parseval frames for H; and Hs, respectively, and these can be denoted by
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{z1, 22} and {y1,y2}, respectively. Then it can be checked that {z1,z2,y1,92} is a
Parseval frame for H. In fact, if W1 and W5 are the partial isometries coming from
the polar decompositions of 77 and 75 respectively, then the matrices of both W3
and Wy are of size 2 by 2 and the synthesis operator of the frame {z1, z2,y1,y2} is
given by

where 0 is the 2 by 2 zero matrix. Since W; and Ws are partial isometries, one gets

ppr_ [Wr O] [Wy 0] _[wiwy o ] _[10
“lowy||ows| T | o wuwy| |orl

However, the Parseval frame {x1,x2,y1,y2} is different from the Parseval frame
{91, 92,93, 94}

Example 2.5 leads to the following proposition.

Proposition 2.6: Let X = {f1, fo,..., fm} be a frame for an n-dimensional
Hilbert space H. Consider K subframes Xy = {fj,,..., fj,. } such that S my =
m and [, Xi = ¢. Suppose that the subframe Xy, is a frame for a Hilbert subspace
Hy C H. Let each subspace Hy have dimension ni so that Zszl ng = n. Using
Theorem 1.3, one can get a Parseval frame X' for H from the frame X and also
a Parseval frame X,f‘”" for the each subspace Hy, from the corresponding frame Xj.
Then |, X,fc”" is also a Parseval frame for H, however, this could be different from
XPar The two Parseval frames will coincide if @ Hy = H and for each k, Hy is
in the orthogonal complement of each Hj,j # k.

Proof: (i) The subframe X, = {fj,...,fj, } contains a basis By =
{firs--+ fi, } of Hy that gives an orthonormal basis through the Gram-Schmidt
process. This can be denoted by {e;,,...,e;, }.

fi €i,
|~

Fim, €i,,

The transformation matrix, My, is an my X ng matrix. Note that the rows of the
matrix M), are the coefficients of the subframe elements in X} in terms of the
orthonormal basis {e;,,...,e;, }. Thus, the synthesis operator of the sub-frame is
M E . The polar decomposition of M g gives rise to a Parseval frame for the subspace
Hi. € H. Let Wy, be the partial isometry associated with the polar decomposition
of M ,Z . The matrix of W}, is of size my X nj and its columns are the coefficients
of the Parseval frame X1 with respect to the ONB {e;,, ..., ei,, }- Therefore, the

synthesis operator of the frame Ule X,far is
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and
WiW; 0 -~ 0 10---0
0 WoWi--- 0 070
0 0 - WxWp 00T

This shows that U,i(zl X ,1; 4 is a Parseval frame. The fact that this need not be the
same as X' can be seen in Example 2.5.

(ii) Assuming that @ Hy = H and for each k, Hy, is in the orthogonal complement
of each H;, j # k, it has to be shown that the two Parseval frames, Ule X,ljar and
XPar are the same. Under this assumption, E = U/{le{ej1 1€jsy - €4, }, the union
of orthonormal basis of each H g, is an orthonormal basis of H. Keeping the same
notation as in (i), the synthesis operator of the frame Ule X, = X, by considering
the coefficients with respect to the ONB F, is

Mo --- 0
o Mf--- 0
0 0 M}:G

where 0 stands for the zero matrix. Due to Lemma 2.1, the polar decomposition of
M will give rise to the Parseval frame XT?'. However, in the polar decomposition
of M = W|M]|, W is as given in (4). As observed in (i), the columns of W form
the Parseval frame U,iil XFar. This shows that in this case X7 = Uiil Xpar,

]

One might want to compare the two Parseval frames referred to in Proposition
2.6. Due to Theorem 1.3, the Parseval frame X2 is the symmetric approximation
of the frame X in H. Since the symmetric approximation of a given frame is
unique, the Parseval frame [ J, X Par " when different from X2, is not a symmetric
approximation of X. However, getting | J, X Par requires fewer computations than
obtaining X2, This can be seen as follows.

The polar decomposition can be computed using the singular value decomposi-
tion (SVD). Recall that if A is any m by n matrix, then the SVD of A is given
by A = UXV™*, where U and V are unitary matrices, U is m by m,V is n by n,
and ¥ is a matrix whose only non-zero elements are along the (i,%) entries, where
1 < ¢ < m, assuming that m < n. To compute ¥ and V, the number of flops
(floating point operations) required is 4mn? + 8n3. Therefore if the matrix A (with
n columns) is split into two matrices (each with n/2 columns), and the computa-
tion is performed on each of the two sub-matrices, the number of flops is reduced
to 2mn? + n3. For a discussion on the computation complexity for computing the
SVD, see Golub and van Loan [24].

3. Approximation

If the Hilbert space is infinite dimensional as in L?(B(0, R)), then a frame for
such a space can be constructed by following Example 1.2. As already mentioned,
the type of frames discussed in Example 1.2 is of interest due to applications in
medical imaging. However, for implementation purposes, one can only use finitely
many terms from the infinite sum in the reconstruction formula (1). Without loss
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of generality, in what follows, the index set is taken to be N even though the

calculations would hold for any countable set. Let A = {A,}>2, be a sequence

such that {ey }2, is a frame for L?(B(0, R)) where ey (z) = e*™ je., any
o)

f € L*(B(0, R)) can be written as f = Z (f,ex,) S ey, , where S is the frame
n=1
operator. This can be written as

N
f=Z<f€A €>\+Z (frex)8 ten,

n=N+1

:f~+f6~

Note that ]7 = Ziv:l<f, ex,)S7tey, belongs to the space Hi =
span{S~'ey,,...,S e} = span{ey,,...,ex }. The function f can be consid-
ered as an approximation of f. Using the technique described in Section 2, one can
get a Parseval frame {g1,..., g5} for the subspace H; and f can be written as

N
Z f.9i)9

where the coefficients {(f, gz> ', can be obtained from linear combinations of the
elements in {(f,ex,)}}*;. The error in this approximation is given by f. = f — f .
This section gives various estimates of such approximation error by considering
different spaces of functions.

3.1. Functions in C*)

3.1.1.  Approximation error in one dimension

Let A = {A}72; be a sequence of reals such that {ej, }72; is a frame for
L?(—R, R). Suppose that only N terms are used to reconstruct f. Let f =
N
Z (f,ex,) S ey, . An estimate of the error incorporated in truncating the sum is

n=1
given in the following.

Lemma 3.1: Given f € C®NL2(— R, R). Assume that f and f™, m =1,... k
vanish at =R. Then for a given \ € R

~ 1
FAGYIES Wuf(k)HLl(fR,R)‘ ()

Proof: Using integration by parts k times and the fact that f and f0™
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1,...,k —1, vanish at £ R we have
R .
:/ f(t)e—Qm)\tdt
—R
I 2miAt
— / t — 2T dt
2iN /_ AL
1 B 2min
= t)e 2N g,
(2miN)k /—R [ e
Therefore,
~ 1 E
FOI < e [ 1190l
(2 |A|)ka ”Ll(—R,R)'
(]
Theorem 3.2: Let f € C® N L*(—R,R) and A = {\,}°%, be a sequence of

reals such that {ex, }5°, is a frame for L2( R, R) where ey, (x) = ¥ A2,

”f()HLl R,R
If = Flezcrm < BES—pn 4,

constant that depends on k and the number of terms N used to obtain f.

Then

where A is a lower frame bound and P is a

Proof:
R 00 N
If = fllz2(—r,r) = Z(f&x ) S ex *Z(f,exﬁs ley,
n=1 n=1 Lz(—R,R)
= Z <f7 e > e,
n>N L( R,R)
=113 FOw)Ss ten,
n>]\7 Lz(—R,R)
< S IFODS e, 22— rmy
n>N
1 R
<7 S 1FOllea, llr2—rr)
n>N
V2R ~
= 5 S 1ol
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Using Lemma 3.1 to bound |f(An)| one gets

s A \/ﬁﬂf( [FEr= RER), 1
17— Flecrm < 222 S 170 / LIPS
R A 2 k
.y ( 7T) N+1 7T
_ VRISl r 2 "
A (27r) (k—1)(N +1)(k=1)
Given € one can choose N such that ‘/ﬁ [kl YV 2 < €. O

(2m)k (k—1)(N41)¢*-D

Example 3.3 Let A, = n. The system of exponentials {e,, },ez is an orthonormal
basis for the Hilbert space L2[0,1]. So it is a tight frame with frame bound A = 1.
Suppose f € L?[0,1] and k = 2 i.e., f is at least twice differentiable, then,

”f(2)||L1[0,1] 2
2m)? N+1

1f — JEHLQ[O,l] < (7)

(7) is comparable to the result obtained in [20] (page 71) which says that if the
derivative f’ € L%(0,1), then for all N € N,

3.1.2.  Approximation error in higher dimensions

Let A be some index set and let {e)}rea be a frame for L?(B(0, R)). Then for
any f € L*(B(0, R))

f@)=> " {fen) S ea(w).

AEA

For some R, let

flay="">Y_  (frex) S ea(®).

AEANB(0,R)
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1f = Alleesory = || D (Frex) STex— > ({fren) S en

AEA AeANB(0,R) L2(B(0,R))

= Y (fren) STl

AeANB(0,R)¢ L2(B(0,R))
= 3 fnsTle
AeANB(0,R)e L2(B(0,R))

< Y FONIS leall e (mo,ry)
AeANB(0,R)¢

vol(B(0, R ~
< VB0 7,
AeANB(0,R)e

Let A € R™, A = (A1, Ag, ..., Ay). Pick j such that |\j| = sup; i<y, [Ail. Then clearly
Aj # 0. Denoting the time variable by ¢t = (¢1,t2,...,t,) and integrating by parts
k times with respect to t; (under the assumption that f is differentiable that many

times with respect to the chosen variable and also that f and its derivatives vanish
on the boundary of B(0, R)),

A= /( ) f(t)e_Qm()“tl+'"+)‘"t”)dtldt2 cLodty,
B(O,R

(—2miAj)* otk

1 k
B(0,R) U1;

and therefore

~ 1 ok f
e gt [ 1 .,
I @m)*Ni1* Jo.r) | 05 e
Using the fact that |A| < /n|Ajl,
~ \/ﬁ)k 1 / akf
M<|\52) o —| dtidty ... dt,. 8
< (57) B L |38 | 2t )
This gives
. vol(B(0, R)) vi\F o1 o f
Hf_fHLQ(B(OR)) S—————— Z - / —| dtidts ..
’ A 2 A|F k
AeANB(0,R)e i A B(0,R) 8t]

J/Vol(B(0, R)) g g
gwgﬁ)/ OT gttt Y
T B(0,R) | Ot] AEANB(0,R)e

dty,

[
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3.2. Functions with discontinuities

In this section, another estimate on the approximation error is given. This kind
of estimate applies to any function in L? and therefore can be used even when
the underlying function has discontinuities. These estimates are derived using the
techniques developed in the seminal paper by Landau (1967) [6].

Lemma 3.4: Let A = {\; }rez be a sequence with 6 = inf{|\,, —An|: m # n} > 0.
Let E C R? be q compact set. There exists a constant B > 0 such that for all
F e PWg,

D IF(w)I < B (/R yF(c)Pdg) 1/2.

keZ

The constant B depends on 6 and E.

Proof:

Let h € L?(R) such that the support of h C B(0,6/2), and |h(x)| = 1 for all
r e L.
Recall that F' € PWg means F € L*(R?), and F = f, where f vanishes outside of
set L.
Given F' € PW (F), construct G = g such that g(z) = % Since f(x) = 0 when
x ¢ E,so g(x) =0 when z ¢ E, i.e. G € PWg. Now, f(z) = g(x) h(x) implies

A~

that F' = G * h. Hence,

FO) = | GO Ry =0 de= | - G(O-hty=0) &

It follows that by taking absolute values and by the Cauchy-Schwartz inequality,

1/2
FO)l = [ 161 o= O dc < ( [ ... 60 dc) s

In particular, this means that

1/2
FOW] = [l ( | leor d<> .

Since [A\j — Agx| > 6 for all j # k, the above inequality implies that

R 1/2
SO IFOw = Il ([ 16OF @) 0
keZ Re

But |h(z)] > 1 for all x € E, so |g(z)] < |f(x)| for all x € E, which means
|Gll2 < ||F||2, since F,G € PWg. It follows from (9) that

Y IEQW] < [Rl2 - [1F .

keZ

Since the function h depends on the set E and on 4, so B = ||ﬁ||2 depends on E
and 9. O
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The proof of Theorem 3.2 shows that the approximation error ||f — f|| depends

-~

on Y .oy |f(An)|. The argument in the proof of the above lemma can be modified
to obtain an upper bound on » % n o [F(Ag)] + Z,;(NJFI) |F'(Ag)|-

=—00

Theorem 3.5: Given the same notation as above, where f € L*(E) and {\;}rez
is a uniformly discrete sequence. Then

1/2
FOw)| < ||k GO)Pdc|
3 1wl < il (/sz' I )
where for all z € E, |g(x)| < |f(x)| and G = §,F = f.

Proof: By the estimate in (9), and the fact that the sequence {A;} is uniformly
discrete,

oo C(N+1)
SR+ YD IFOW)
k=N +1 k=—oo

oo 1/2 AN 1/2
2 R 2 N
<([Ti@rac) e ([ e ac) s

<([Tieor a) e+ (/ “leor ic) e

— 00

1/2
=</ rG<<>12d<> Al
[¢|>Né§

Note: Since G' =g € L%(R), so as N — oo, we have

1/2
( / GO dc) N
[¢|[>Né§

and in particular, as N — oo,

ST FOW] = 0.

|k|>N

4. Discussion

Given a set of linearly independent vectors, the Gram-Schmidt orthogonalization
process yields an orthogonal basis that spans the same vector space as the given
vectors. One drawback to this procedure is that the orthogonal basis depends on
the ordering of the original set of vectors. In the infinite-dimensional case, a natural
question arises: is it always possible to find an orthogonal set of vectors that is a
symmetric approximation to a given set of vectors? The precise nature of this
question is specified below, where the answer is shown to be negative.

Let H be an infinite-dimensional separable Hilbert space. Let { f; 521 be aset of
linearly independent vectors in H. Let {e;}32; be an ONB of l5. Define an operator
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D:ly — H by T(ej) = fj, for 1 < j < co. Assume that 7" is a bounded operator
and I — |T'| is a Hilbert-Schmidt operator.

One looks for an ONB {v;} of H such that if {u;} is any orthonormal set of vectors
in H, then

(o) o
D v = FHI1P <D My = f112
o j=1

Lemma 4.1: Given the same notation as above. Assume dim((Ran T)%) <
dim(Ker T).
Then it is impossible to have Y 72 [[vj — fill? < .

Proof: Suppose > 2, [lv; — fill? < oc.

Let U(ej) = vy, for 1 < j < oo. Then U: Il — H is an isometry, and so the kernel
of U is {0}.

Denote the Hilbert-Schmidt norm of any operator A by ||A| ms.

U = TlEs =Y 10 =D)ej> = llvj — fill* < oo

Jj=1 Jj=1

Thus the operator U — T is a Hilbert-Schmidt operator and hence is a compact
operator. Since I — |T'| is Hilbert-Schmidt, so the kernel of T is finite-dimensional.
The complement of the range of T is also finite-dimensional, by the assumption
that dim((Ran T)*) < dim(Ker T). This means that T is a Fredholm operator.
Since U — T is compact, U =T + (U —T) is also Fredholm. Moreover, Index of U
= Index of T > 0. Note that Index of T > 0 by assumption.

But Index of U = dim(Ker U) — dim((Ran U)*) = 0 — dim((Ran U)™1).
This gives a contradiction, dim((Ran U)*) < 0.

Hence if dim((Ran T)*) < dim(Ker T), then it is impossible for > vy —
fill? < co.
(]

Recall that if {f;}2, is a frame for a separable Hilbert space and S is the frame
operator, then the canonical tight frame is given by {S~1/2 Jr},- Although it
is not explicitly stated in the work of Frank, Paulsen, and Tiballi [19], it can be
shown that the Parseval frame obtained using the symmetric approximation is the
same as the canonical tight frame. To see why this is true, let 7' be an operator,
where T'= W|T)| is the polar decomposition. Since W is an isometry on the range
of |T|, hence T* = |T|W* = W*W|T|W*.

Now, compute

T = (W[T)(W*WIT|W™) = (W[T|W*)(W|T|W?)
and therefore |T*| = (T'T*)Y/? = W|T|W*. That means
T*\W = (W|T|W W = (W|T|)(W*W) =T.

So the tight frame obtained in the symmetric approximation is the same as the
canonical tight frame if it can be demonstrated that W(e;) = S~Y2f;, where
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the synthesis operator T is defined by T'(ej) = f;. But by the calculations just
performed,

(TT*)Y*We; = Te;
or, Sl/QWej =Te;
or, We; = S_I/Q(Tej)
or, W(ej) = S_l/2fj,

which completes the demonstration.

5. Conclusion

In this paper, an explicit construction of a Parseval frame that is the symmetric
approximation of a Fourier frame on a spiral has been considered. For the sake of
applications, the focus is on Fourier frames on a spiral but the technique can be
applied to any other frame. In the case of a finite frame, the Gram-Schmidt process
is first used to get an ONB for the space spanned by the frame and then the polar
decomposition of the matrix corresponding to the synthesis operator of the frame
gives the required Parseval frame. The reconstruction of functions lying in the span
of such Fourier frames on spirals has been studied. By using a Parseval frame that
spans the same space as the original Fourier frame, the reconstruction avoids the
need to compute the inverse of the frame operator of the original frame. Besides,
the Parseval frame that is obtained by considering the symmetric approximation
enables one to reconstruct a function by only using the measurements obtained
from the original Fourier frame.

In the case of an infinite dimensional Hilbert space, even after finding a Parse-
val frame, it is not possible to use an infinite frame and one can only use finitely
many measurements. This leads to some approximation of the function to be re-
constructed and results in approximation error. Such approximation error has also
been estimated.
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