Adv Comput Math (2010) 32:191-207
DOI 10.1007/s10444-008-9100-9

Construction of infinite unimodular
sequences with zero autocorrelation

John J. Benedetto - Somantika Datta

Received: 13 September 2007 / Accepted: 25 March 2008 /
Published online: 18 September 2008
© Springer Science + Business Media, LLC 2008

Abstract Unimodular waveforms x are constructed on the integers with the
property that the autocorrelation of x is one at the origin and zero elsewhere.
There are three different constructions: exponentials of the form >,
sequences taken from roots of unity, and sequences constructed from the
elements of real Hadamard matrices. The first is expected and elementary
and the second is based on the construction of Wiener. The third is the
most intricate and is really one of a family of distinct but structurally similar
waveforms. A natural error estimate problem is posed for the last construction.
The analytic solution is not as useful as the simulations because of the inherent
counting problems in the construction.

Keywords Infinite unimodular sequences - Zero autocorrelation -
Hadamard matrices
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1 Introduction
1.1 Background

Let R be the real numbers, let Z be the integers, and set T = R/Z. A general
problem is to characterize the family of positive bounded Radon measures F,
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whose inverse Fourier transforms are the autocorrelations of bounded func-
tions or waveforms x. A special case is when F =1 on T and x is unimodular
on Z. The statement that ' = 1 is the same as saying that the autocorrelation of
x vanishes except at 0, where it takes the value 1. This is the setting with which
we deal. In fact we shall construct three such classes of waveforms x. The first
construction uses elementary analysis, the second generalizes a construction of
Wiener, and the third is based on Hadamard matrices. This last construction is
the most intricate.

The aforementioned problem, which our constructions address, is central
in the general area of waveform design, and it is particularly relevant in
several applications in the areas of radar and communications. In the former,
the waveforms x can play a role in effective target recognition, see, e.g.,
[1, 4, 5, 8-11, 13]; and in the latter they are used to address synchronization
issues in cellular (phone) access technologies, especially code division multiple
access, e.g., [14, 15]. The radar and communication methods combine in recent
advanced multifunction RF systems.

In radar there are two main reasons that the waveforms x should be unimod-
ular, that is, have constant amplitude. First, a transmitter can operate at peak
power if x has constant peak amplitude - the system does not have to deal with
the surprise of greater than expected amplitudes. Second, amplitude variations
during transmission due to additive noise can be theoretically eliminated. The
zero autocorrelation property ensures minimum interference between signals
sharing the same channel.

1.2 Notation

We shall use the standard notation from harmonic analysis, e.g., [3, 12]. C(T%)
is the space of complex valued continuous functions on T¢ = R?/Z¢, and A(T%)
is the subspace of absolutely convergent Fourier series. M(T?) is the space
of Radon measures on T¢, i.e., M(T?) is the dual space of the Banach space
C(T9) taken with the sup norm. For any positive integer N, we denote the
d—dimensional square in Z¢ by S(N), and, so, by S(N) we shall mean

SINy={m=@mi,my, - ,mg) €Z: = N<m; <N,i=1,---,d).
Also, fork e 74, k = (ky, -+ , kq),

> xlk + mixim] = Z Z Z xlk + mlx[m].

meS(N) my=—N my=—
Definition 1.1 The autocorrelation A, : 7Z¢ — C of x : Z¢ — C is defined as

1 -
vke7® Akl= lim — xk + m]x[m).
N—oo 2N + 1)4 m;s;m
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Unimodular sequences with zero autocorrelation 193

If F e A(TY) we write F = f = {f), i.e., Flk] = fi. and, for all k € Z¢,
fi= de F(y)e*™*rdy. There is an analogous definition for ;i where u €
M(T9).

1.3 Perspective

In the setting of R, we have the following theorem due to Wiener and Wintner
[17], which was later extended to R? in [2, 6].

Theorem 1.2 Let u be a bounded positive Radon measure on R. There is a
constructible function f € Ly, (R) whose autocorrelation Ay exists for all t € R,
and Ay = [1onR, ie.,

1 [T S ‘
V R l . — 2mitx .
teR, lim fJ ft+x) f(x)dx /Re dp(x)

On Z¢ the following version of the Wiener-Wintner theorem can be
obtained.

Theorem 1.3 Let i € A(T?) be positive on T?. There is a constructible function
x: Z% — C such that

1 N
VkeZ, Akl = lim —— — itk
ke 7%, [k] Jim. D mg(:N) X[k + mlx[m] = i[k]

Though the Wiener—Wintner theorem gives the construction of the function
x it does not ensure boundedness of x, whereas our desire is to construct codes
x that have constant amplitude.

1.4 Outline

The paper is divided in the following way. In Section 2 we show that the
unimodular sequence x[n] = ¢**™? where o € N\ {1} and @ is irrational,
has zero autocorrelation on Z \ {0}. In Section 3 we construct polyphase
sequences from roots of unity which also have zero autocorrelation on Z \ {0}.
In Section 4 we construct zero autocorrelation sequences from real Hadamard
matrices. The methods of Sections 3 and 4 are actually more general than
stated. For example, we can invoke the same technique of construction, but use
a different permutation of the roots of unity or a different arrangement of rows
of the Hadamard matrices. In this way we still obtain unimodular waveforms
with zero autocorrelation.
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194 J.J. Benedetto, S. Datta

2 Sequences of the form ¢’ o € N\ {1} and 6 irrational

For t € R, let [¢] denote the integral part of ¢, that is, [¢] is the largest integer
less than or equal to £; and let {t} = ¢ — [t] be the fractional part of ¢. [ is the unit
interval [0, 1). For a given sequence (¢,), n = 1,2, ..., in R, A(E; N) denotes
the number of points {¢,}, | <n < N, thatliein E C [0, 1).

Definition 2.1 The sequence (t,), n = 1,2, ..., is uniformly distributed modulo
1 (u.d.mod 1) in R if

fim A(la, b); N) _b

N—oo N o a

for all intervals [a, b) C 1.

The following is the classical Weyl criterion for uniform distribution [7].
Theorem 2.2
a. The sequence (t,),n=1,2,---,isu.d. mod 1 if and only if

N
1 .
VheZ\ (0}, lim — N (2.1)

b. Let p(t) = amt™ + oy 1" '+ +ay, m>1, be a polynomial with
real coefficients, and let at least one of the coefficients oj with j > 0 be irra-
tional. Then the sequence (p(n)),n=1,2,---, isu.d. mod 1.

Theorem 2.3 Let x : Z — C be defined by

x[n] =" 0¢Q. aeN\({1}. (2.2)
Then
|1, ifk=0
Addk] = {0, ifk #0.
Proof The autocorrelation of x at k is
ka" 5 0((«) 72 (oz) k ( ) P )
Ay 1 7if (()me ke (§)me 2 (2 k") 7.
(k1= lim >N +1 Z (2.3)

Let p(t) =60())ke*™" +6(5)k* >+ - +6(,%,)k*'t. Since 6 ¢ Q we can
apply Theorem 2.2b when k 7&0 to say that the sequence (p(n)) is u.d.
mod 1. Therefore, according to Theorem 2.2a, taking 2 = 1 and ¢, = p(n) in
(2.1), the right side of (2.3) is zero if k # 0. If k = 0 then A,[0] = 1. O

It is elementary to prove the analogue of Theorem 2.3 for the more general
case of crosscorrelation.
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Unimodular sequences with zero autocorrelation 195

It is often necessary to construct unimodular waveforms on Z¢. Let n =
(ny, Ny, -+ -ng) € Z% and |n| = \/n% +nj+ -+ n’. We define

vn e 74, x[n] = ¥’ 0¢Q, aeN. (2.4)

Theorem 2.4 If o = 2 then, for x defined in (2.4),

C[0ifk#0
Aﬂ”‘{lﬁk:&

Proof
N N
Akl = im ———— . 2ilm+k|6 ,~2silm|6 25
k] = Jim Z: Z:e e (2.5)
my=—N mg=—N
If @ = 2 then the right side of (2.5) is
emike = XN: Ari(mk ka)o
lim et 1+ +maka
= d
N—ooo 2N + 1) o Yy
1 N 1 N
S 27i|k|>60 dwimiki0 | | A7 imakq0
N € IN 11 E:Ne INTI 2. @
my=— mg=—
_Joifk#0
“l1ifk=0.
O

Another way to define unimodular waveforms x : Z¢ — C is as follows. Let

n=n,ny, - ,ng) €Z%andletd = (4,,--- , ;) have the property that none
of the 0y, --- , 0, is in Q. Define n* = (n{, ng, --- , ny) and let
x[n] = ¥ 0, (2.6)

By a calculation similar to the proof of Theorem 2.4, we obtain the following
results.

Theorem 2.5 If o = 2 then, for x defined in (2.6),

C[0ifk#0
Ad“‘{lﬁk:&

Theorem 2.6 Define the waveform x : 7Z¢ — C as follows: for a € N\ {1} and
0 e R\Q, let y:Z — C be defined by y[n]=e*"? and for n = (ny, ny,
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oo ng) € Z4 let x[n] = x(ny, ..., nq) = yln,l, where jis fixed. Then, for any
given k = (ki, ka, ..., kq),

C[0ifk;£0
Ax[k]—{Ufk;:o.

Here the autocorrelation is 1 not just at the origin but at all points on the
hyperplane k; = 0.

3 Construction of polyphase sequences with zero autocorrelation

In [16] Wiener showed probabilistically that there exist sequences whose
autocorrelations are zero everywhere except at the origin. He also constructed
an explicit example of such a sequence x = {x[m]} of £1s. We go back to
Wiener’s construction and obtain an analogous polyphase construction for n
roots of unity.

Example 3.1 Let n = 3. We shall define x : Z — C such that the range of x is
{wo, w1, wa}, where wo = 1, w; = ¢/5, and wy = €5 . x is defined on N in the
following way.

[wo, wi, wy], repeated 3° = 1 times, giving the first 3 terms of x on N, i.e.,
x[1] = wo, x[2] = wy, and x[3] = wy; then

[wo, Wo; Wo, Wi Wo, Wi Wi, Wo; Wi, Wi; Wi, W2; W2, Wo; W, Wi; W, Wal,
repeated 3' = 3 times, so that these 18 = 2 - 3? terms repeated thrice give
the next 54 terms of x on N, i.e., x[4] = wy, ..., X[57] = w,; then

[wo, wo, wo; Wo, Wo, Wi; Wo, Wo, W2; Wy, Wi, Wo; Wo, Wi, W15 Wo, W1, Wa; Wo, W2,
Wo; Wo, W2, Wi Wo, W2, Wa; W, Wo, Wo; Wi, Wo, W; Wi, Wo, W25 - -+ ; W2, Wy, W]
repeated 32 = 9 times, so that these 81 terms repeated 9 times give the next
729 terms of x on N, i.e., x[58] = wy, ..., x[786] = w,.

We continue this procedure to complete the definition of x on N. Let x[0] =
1 and, for all k € N, let x[—k] = x[k]. The number of elements in each row is
an integer of the form j3/ and each row is repeated 3/~! times.

Definition 3.2 If n > 3, we shall define x:Z — C, analogous to Exam-

ple 3.1. Thus, x takes the values w;: j=0,...,n—1, where wy =1, w; =
e w, = e 5", and x is defined on N in the following way.

[wo, wy, ..., w,_y], repeated n°=1 times; then [wo, wo; wo, wi;...;
W0, Wy—13 Wi, Wo Wi, W5« s Wi, Wy} - -2 Wy 1, W, Wye1, Wi, e ey Wy, Wp—i]
repeated n' =n times; then [wo, wo, wo; Wo, Wo, Wi; .. . W, Wo, W15 ...}
Wy, Wy_1, WO - .. W1, Wy_1, Wy_1] repeated n® times.

We continue this procedure to complete the definition of x on N. Let x[0] =
1 and, for all k € N, let x[—k] = x[k]. The number of elements in each of these
rows is an integer of the form jn/ and each such row is repeated n/~! times.
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Unimodular sequences with zero autocorrelation 197

Lemma 3.3 Letn > 2 and define x : 7 — C as in Definition 3.2. Fix p € N. Let
sp be a fixed ordered sequence of wjs of length p. Then,

. Number of times s, appears in the first N terms of x 1
lim =—. 3.1
N—o0 N np

Proof

i. In order to verify (3.1) we begin by noting that in a particular row having
jn’ elements, where p < j, any finite sequence of length p occurs as often
as any other finite sequence of the same length. We can prove this by
induction on p.

Consequently, in such a row, the fraction of times a particular p-tuple s,
oceurs is .

If we wish to calculate the relative frequency of the occurrence of s,
among the first N terms we might have to stop in the middle of some
row. As such, we write

N=1.-n"-n"+2.02-n'+.. . +(p—Dn""'n"2 + pnPnP~!
+ ..+ MaMpM 4 P(M + DM 4+ O,

where 0 < P < nMand0 < O < (M + DaM*! Here M — coas N — 0.
Thus,

p—1 M
N = Z jalni! 4 Z it PIM + e + 0 =8, + S, + 0,
j=1 j=p

where
M .
Sy =" jn*" + P(M + Dn™*.
j=pr

ii. Let us denote the number of occurrences of a particular p-tuple s, in a
row of length 1-n' by n;, the number of occurrences in a row of length
2. n? by n,, and so on. Note that these rows are repeated n® n', ... times,
respectively. Therefore,

Number of times s, appears in the first NV terms of x

lim
N—o0 N
p—1 "p M—-1 nm nM+1
= lim n—52+ " 'S2+ PSZ
N>oo| | 4+ Sls+2Q 1+ S]StQ 1+ SI;;Q

(32)

Repetitions in the last Q
+ N .
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iil.

We shall show in part iii that S‘SL — 0as N — oo. Assuming this fact, we

2

have % — 0as N — oo; and, hénce, the last term on the right side (3.2) is

zero. Thus, the right side of (3.2) is

n Nyt iy npr41
nP l_P+an_+_|_...+nM = 4P
S2 S2 S2 S2
_ I’lp_l.np+np'np+l+"'+nM_lnM+PnM+l _i
= S2 _nl”

where the equality follows from our assertion in the beginning of the proof
that in a particular row having jn/ elements, for some j, where p < j, any
finite sequence of length p occurs as often as any other finite sequence of
the same length. Thus, we have shown that

lim Number of times s, appears in the first NV terms of x _ L (3.3)
N—oo N nP

Finally, we prove that % — 0 as N — oco. Note that S, = S,(M) goes
to infinity as N goes to infinity and, S; being finite, g—; goes to 0 as S, goes

to infinity. Thus, we only need to show that S—Q2 goes to 0 as S, goes to
infinity. We calculate

0<2 (M + D+ (M + D™
< — - < .
S2 - XL, i PO et LS i POM 4 e
(M + 1nM+1 (M + Ln™*!

< - = — -

i Z]Aip n2i+ P(M + HnM+t - Ly2p Z;‘ZOP n2i+ P(M+1)nM+1
B (M+ 1)nM+1
B nzl’*l”zw;i”—l + P(M + 1)nM+!

— 0as N — oo,

since M goes to oo along with N. O
Theorem 3.4 Let {w;: j=0,...,n— 1} be the n roots of unity: wy =1, w =
e we =e . Then,

A={0 i 7o
Proof
i. If k=0, then

N
. 1 >
A= lim oxy 2 BtmIE =1
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Unimodular sequences with zero autocorrelation 199

ii. Note that A k] = A [—K]. Further, if k#0 and if
My o0 ZZ:] x[m + k]x[m] = 0, then A,[k] = 0. Thus, it is enough to
show that

LN
k>0, lim > xlm + klx[m] = 0.

m=1

For the sake of simplicity let us prove the case when k = 1 and when we
are dealing with n = 3 roots of unity. One should note that if k = p the
value of x[m 4 plx[m] is the product of the first (actually, its conjugate)
and last elements of some sequence wj, ... wj,,,, in € {1,2,3}. There are
3741 such sequences. When k = 1, x[m + 1]x[m] can come from any one of

. — P 2mi i
the following 3> = 9-tuples: wiw; = 1, Wywy, =€ , Wiwz =€ , Wow; =
4mi 2mi - 2mi [

N i
es, wawy =1, wowz =e3 , wzw; =€, wzwy, =e3 , wyws = 1.
Therefore, from Lemma 3.3, we have

1 & Repetitions of wyw
. — . 1w
A}gnoo ~N Z x[m + 1]x[m] = A}gnoo N :
m=1
lim Repetitions of w;w, o + lim Repetitions of wws g
N—00 N N—oo N
+ lim Repetitions of wow) g + lim Repetitions of wow, _
N—oo N N—oo N
+ lim Repetitions of wyws o 11 Repetitions of wyw; o
N—o0 N N—o00 N
+ lim Repetitions of wiw, o + lim Repetitions of wiw; 1
N—oo N N—o0 N
(3.4)
Using (3.1) with p = 2 and n = 3, (3.4) reduces to
] ) 1 1 i 1 1 ; 1
Ngnoo—X:Ix[m—i— ]x[m] +§. ? +3—2 e —1—3—2.1
m=
1 2mi 1 Zm 1 471 1
+§ .e 3 + ? . + ? e s ? . 1

:%-(l—ke%—i—e%)ﬁzo.

In general, for k = p and n = 3, we have

1Y —
lim Z x[m + plx[m] =

N—oo

: P _
3p+] (1+e3 —|—e ) 37 =0.
m=1

@ Springer
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iii. In a similar manner we have

N
1 —_— 1 27i 2mi(n—1)
i _ - oA ) .nP =
1\}£I}>oN E1x[m—|—p]x[m]—nm_1 <1+e +.--4e ) n 0
m=

for arbitrary n. O

4 Zero autocorrelation sequences constructed from Hadamard matrices

Definition 4.1 A real Hadamard matrix is a square matrix whose entries are
either +1 or —1 and whose rows are mutually orthogonal.

The examples of Hadamard matrices below, of order 2", n =1, ..., were
first constructed by Sylvester in 1867. Hadamard constructed Hadamard ma-
trices of order 12 and 20. He also proved the following. If U is a unimodular
matrix of order n, then |det(U)| < n'¥/?, with equality in the case U is real if
and only if U is Hadamard. The Hadamard conjecture (due to Paley) is that
Hadamard matrices of order 4k exist for each k.

Let H be a Hadamard matrix of order n. Then, the matrix

H H
H-H
is a Hadamard matrix of order 2xn. This observation can be applied repeat-

edly (as Kronecker products) to obtain the following sequence of Hadamard
matrices.

H=[1],

C[H H ] 11
Hz_[Hl—Hl}_[l—l]

11 1 1

[H, H, 1—11 —1
H“—[HZ—HJ— 11 —=1-11"

1-1-11

Thus,

H2k—2 sz—z sz—z sz—l
_ sz—l sz—l _ H2k—2 - sz—z H2k—2 - H2k—2
H2k - [ sz—l —sz—l } - H2k—2 sz—z —sz—Z —sz—Z ’ (41)

H2k—2 sz—z - H2k—2 sz—l

Example 4.2 To construct a unimodular waveform x, let H; be repeated once
(2° = 1), H, be repeated twice (2'), H, be repeated 2? times, Hg be repeated
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23 times, and, in general, let H»: be repeated 2" times. For the positive integers,
let x take values row by row from the elements of the sequence of matrices

Hls HZ! HZ! H4a H47 H47 H47 HB» Tt (42)

Let x[0] = 1 and, for any k € N, define x[—k] = x[k]. x is the exponential
Hadamard waveform.

We shall show that the exponential Hadamard waveform x has autocorrela-
tion one at zero and zero elsewhere (Theorem 4.5).

Lemma 4.3 Given je N. If k =2/, let Hy be the k x k Hadamard matrix. For
every Hadamard matrix H,, where m > k, i.e., m =2/t 272 ... et

p = Number of occurrences of Hy H, or — H, — Hy in all the rows

of the matrix H,,,
where H,, is written as rows of + Hy, see (4.1), and let

n = Number of occurrences of Hy — Hy or — Hy Hy, in all the rows

of the matrix H,,.

Then p = n.

Proof We proceed by induction on m. Let m = 2/*! = 2k. In this case,

oo H, H, | | H. Hy
™\ Hy —Hy |~ | He —Hy |©

Hj Hy occurs once and H; — Hj occurs once. Therefore, p =n = 1.
Now, assume the result is true for m = 2tV for some N € N. Let m =
2i+N+land let j+ N = J. In this case, H,, = Hy, is

H; H;

[ w5
By our induction assumption, the result is true in each H; and — H;. Consider
the Hys forming the boundary between the two columns of Hjs in the matrix
Hj,, see (4.3), noting that each H; (or —H}) is composed of + Hys. In the
first row of (4.3), if we have a; occurrences of HyHy or —Hy, — Hj in the
boundary, then in the second row we have a; occurrences of H, — Hj or
— Hy Hy. Similarly, if there are b; occurrences of Hy — Hy or —Hy Hy in the
boundary of the first row, then there are b; occurrences of Hy Hy or —Hy — Hy
in the boundary of the second row.

In each Hj let p = p; and n = ny. Due to our assumption, p; = ny. Then,
with Hy, | = Hjny1, wehave p =4p; 4+ a, + by andn = 4n; + by + a,. Thus,
p=n. O
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Lemma 4.4 Let x be the exponential Hadamard waveform and define

N
Snlkl =) xlm + klx{m], (4.4)
m=1
where N is such that counting the first N values of x will end at the last element of
some Hadamard matrix in the sequence (4.2) defined in Example 4.2. Let k > 0
be given so that there exists n such that 2"~' < k < 2". The contribution to the
sum in (4.4) from all Hadamard matrices of size 2"*" and larger is 0.

Proof
i. We shall consider rows of the submatrix Hy: in Hynr1, Honiz, Honss, ... We
illustrate the procedure for k = 3. In this case 227! <3 <22, ie., n=2.
Consequently, we consider the rows of Hy in Hg, Hyg, Hs; .. .. Thus, for
Hg we have
_ | Hy H,y
o=

1 1 1 1 1 1 1 1
—— | —— —— ——

x[m]  x[m] x[m] |x[m+3] x[m+3] x[m+3]
1 -1 1 -1 1 -1 1 —1
1 1 -1 -1 1 1 -1 —1
_ 1 -1 -1 1 1 -1 -1 1 ' ( 4 5)

1 1 1 -1 -1 -1 -1
—1 1 -1 -1 I -1 1
1 -1 -1 -1 -1 1 1
-1 -1 1| -1 1 1 -1

1
1
1
1

The +1s (not submatrices) in columns 2 to 4, necessitated by considering
k = 3, in each occurrence of Hyin Hg, Hie, H3;, ... (except for the last Hy
in each row of H,s) are multiplied by elements in the adjacent Hy, see the
x[m + 3] designations in (4.5) for Hg. The elements from these columns
have zero contribution to the sum in (4.4). This is true because, according
to Lemma 4.3, H4 occurs next to H, as often as it occurs next to —Hy
causing cancellations.
More generally, the elements in the k columns (columns 2" — k + 1 to 2")
in each occurrence of Hon in Houei, Hone2, Honss, . .. (except for the last Hon
in each row of H,.s) are multiplied by elements in the adjacent Hyp:. The
elements from these columns have zero contribution to the sum in (4.4).
This is true because, according to Lemma 4.3, Hy» occurs next to Hy: as
often as it occurs next to — Hy« in each of Hyuii, Hyniz, Honis, ... causing
cancellations.

ii. We now compute the contribution from the last Hy» submatrix in each
row of the matrices Houw1, Honiz, . . ., as well as that for the elements from
the k columns considered in i.
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Unimodular sequences with zero autocorrelation 203

iil.

Due to the structure of Hadamard matrices, the last column of =+ H:s
in any higher order matrix such as H,.+; has the same number of H:s
as —Hys. In any Hadamard matrix of higher order, the elements of the
specified k columns of these & Hy»s interact with Hy«s occurring in the first
column of + Hy:s . However, the first column of each higher order matrix
consists only of + H,»s and no — Hj»s. The resulting cancellations yield a
contribution of zero.

Now consider the contribution to the sum coming from the *+1s (not
submatrices) in columns 1 to 2" — k of the H,» submatrices in each row
of Hy in Hyw1, Hysz, .... To analyze this case we consider Hadamard
matrices Hyu+1, Hpni2, ... as consisting of rows of + H,.-1s(H,s when k =
3). Equation 4.6 illustrates the situation in Hg when k = 3.

11 11 1 1 1 1
—— —
x[m] x[m+3]
1 —=1] 1 =1 | 1-=1 1-1
- | I ——
1 1] -1 =1 | 1 1-=1-1
Hy = 1 —1] -1 1 | 1 -=1-1 1]. (4.6)
1 1 1 1 -1 -1 -1 —1
1 -1 1 -1 -1 1 -1 1
11 -1 -1 -1 -1 1 1
1 -1 -1 1 =1 1 1 -1]

We can then use the argument of part i by replacing H,: by Hp-1, and
conclude that the contribution to the sum in (4.4) due to these columns of
=+1s (not submatrices) is also zero. o

Theorem 4.5 Let x be the exponential Hadamard waveform. Then,

[lifk=0
Axlk] = {o if k 0,
Proof
i. Ifk=0,then
1 N
A,[0] = i 2= 1.
01 = Jim N1 m;Nx[m]

ii.

Let k > 0 be given and consider n for which 2" < k < 2"*!. It is enough to
show that

1 N
ACN[k] = N > xlm + klx(m] (4.7)

m=1
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tends to zero as N goes to infinity. Note that for a given N, x[N] can
occur in the middle of a matrix. Each Hadamard matrix of size 2" has 4"
elements. Recall that each such matrix will be repeated 2" times. Thus,

n+1 M
N=> 244 3" 24i4 pAMH 4 §= Q+ R+ P+, (4.8)
j=0 j=n+2

where 0 < P < 2M+1 0 < S < 4M+! and M — oo as N — oco. Therefore,

1 Q O+R
ACNIKI=; | 2 xlm+klxim]+ ) xlm + Klx{m]

m=1 m=0+1

O+R+P O+R+P+S
+ Z x[m+klx[m]+ Z x[m+klx[m]|. (4.9)

m=Q0+R+1 m=0+R+P+1

Due to Lemma 4.4, the second and the third sums in (4.9) equal zero. Thus,

1 0 O+R+P+S
[ACNIKI < 5 | 2o xlm +klxmll+ 30 Ixlm + klxlm)
m=1 m=Q+R+P+1
1
=5 (@Q+9. (4.10)

Since Q, which depends on k, is finite, we have limy_ % = 0. For % we
have the estimate:
S 4M+l 4M+1 1

N <N < wo N72M+1' (4.11)
7

Since M — 0o as N — 00, limy_.oc % = 0. From (4.10) this means that
ACn[k] — 0 as N — oo for k > 0. This proves that the autocorrelation
is zero for all positive integers k, which, in turn, implies that the autocor-
relation is zero for all non-zero k. O

Instead of having the Hadamard matrices repeat exponentially as described
in Example 4.2, we can construct unimodular waveforms, whose autocorrela-
tions vanish everywhere expect at the origin, by letting the Hadamard matrices
repeat linearly.

Example 4.6 To construct a unimodular waveform x let H; be repeated zero
times, H, be repeated once, H, be repeated twice, Hg be repeated thrice, and,

in general, H, be repeated n times. For the positive integers, let x take values
from the elements of the sequence of matrices

H,, H,, Hy, Hg, Hg, Hy, Hi¢, Hi6, His, Hi6, H3p, - - - .
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Set x[0] = 1, and, for any k € N, define x[—k] = x[k]. x is the linear Hadamard
waveform.

Lemma 4.4 is also valid for the linear Hadamard waveform; and the proof
of the following result is similar to that of Theorem 4.5.

Theorem 4.7 Let x be the linear Hadamard waveform. Then,

| lifk=0
Axlk] = { 0 ifk % 0.
Example 4.8 Let x be the exponential Hadamard waveform. We would like to
solve the following problem: given € > 0, find N € N such that

< €.

N
VkeZ, |ACNIk]| = ‘% Zx[m + k]x[m]

m=1

From (4.10) in the proof of Theorem 4.5, we have
1
[ACNIK] < N (Q+9).

From (4.11) we know that % < 72M_1+la which is independent of k. Now Q =
Z';:Ol 8/ and n depends on k since 2" < k < 2!, in particular, [log,(k)] = n +
1. Therefore,

log, (k)1 gllog, (1+1 _ |

0=y w=" L
j=0

and so
1 gMoz(o1+1 _ 1 1
|ACNIK]| < N 5 + 755 (4.12)
Thus, the smallest N such that
| N
VYO0 < k| < K, ‘N X}:x[m + klx[m]| < €
satisfies the inequality
1 8Mog(K)1+1 _ 1 1

where M and N are related by (4.8).
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The autocorrelation of the function from Hadamard matrices using2001 terms and error =0.2
1 2 T T T T T T

0.8 - i

0.6 - i

04f .

Autocorrelation at k

0.2

-20 -15 -10 -5 0 5 10 15 20
k values

Fig. 1 Error estimates of the exponential Hadamard waveform; e = 0.2

Equation 4.14 gives the values of N obtained via (4.13) for K = 16 and
several values of €.

e |1 5 25 1

K |16 16 16 16

M | 14 15 16 17 (414
N | 08P [ 0@™) | 0B8") | O®8™)

Remark The actual error estimate for the exponential Hadamard waveform
is illustrated in Fig. 1. This estimate is significantly better than that obtained
in (4.14). The disparity is a consequence of the difficult counting problems
inherent in dealing with Hadamard matrices. However, Fig. 1 does imply a
valid use of these waveforms in applications.

Acknowledgement The authors gratefully acknowledge support from ONR Grant N000O 14-06-
1-000 2 and AFOSR(MURI) Grant FA9550-05-1-0443.

@ Springer



Unimodular sequences with zero autocorrelation 207

References

11.

12.

13.
14.

15.
16.
17.

. Auslander, L., Barbano, P.E.: Communication codes and Bernoulli transformations. Appl.

Comput. Harmon. Anal. 5(2), 109-128 (1998)

. Benedetto, J.J.: A multidimensional Wiener-Wintner theorem and spectrum estimation.

Trans. Amer. Math. Soc. 327(2), 833-852 (1991)

. Benedetto, J.J.: Harmonic Analysis and Applications. CRC, Boca Raton (1997)
. Benedetto, J.J., Donatelli, J.J.: Ambiguity function and frame theoretic properties of periodic

zero autocorrelation waveforms. IEEE J. Special Topics Signal Process. 1, 6-20 (2007)

. Helleseth, T., Kumar, P.V.: Sequences with Low Correlation. Handbook of Coding Theory,

vol. I, II, pp. 1765-1853. North-Holland, Amsterdam (1998)

. Kerby, R.: The correlation function and the Wiener-Wintner theorem in higher dimension.

Ph.D. thesis, University of Maryland, College Park (1990)

. Kuipers, L., Niederreiter, H.: Uniform Distribution of Sequences. Wiley-Interscience [Wiley],

New York (1974)

. Levanon, N., Mozeson, E.: Radar Signals. Wiley Interscience, IEEE Press, New York (2004)
. Long, M.L.: Radar Reflectivity of Land and Sea. Artech House, London (2001)
. Mow, W.H.: A new unified construction of perfect root-of-unity sequences. In: Proc. IEEE

4th International Symposium on Spread Spectrum Techniques and Applications (Germany),
pp. 955-959, Mainz, September 1996

Nathanson, F.E.: Radar Design Principles—Signal Processing and the Environment. SciTech,
Mendham (1999)

Stein, E.M., Weiss, G.: Introduction to Fourier Analysis on Euclidean Spaces. Princeton
University Press, Princeton (1971)

Stimson, G.W.: Introduction to Airborne Radar. SciTech, Mendham (1998)

Ulukus, S., Yates, R.D.: Iterative construction of optimum signature sequence sets in synchro-
nous CDMA systems. IEEE Trans. Inform. Theory 47(5), 1989-1998 (2001)

Verdu, S.: Multiuser Detection. Cambridge University Press, Cambridge (1998)

Wiener, N.: Generalized harmonic analysis. Acta Math. 55, 117-258 (1930)

Wiener, N., Wintner, A.: On singular distributions. J. Math. Phys. 17, 233-246 (1939)

@ Springer



	Construction of infinite unimodular sequences with zero autocorrelation
	Abstract
	Introduction
	Background
	Notation
	Perspective
	Outline

	Sequences of the form e2i n,  NNNN {1}  and   irrational
	Construction of polyphase sequences with zero autocorrelation
	Zero autocorrelation sequences constructed from Hadamard matrices
	References




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


